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IMAGES OF CHAOS IN ATTITUDE DYNAMICS OF
MULTI-SPIN  SPACECRAFT AND GYROSTAT-
SATELLITES

Chaotic aspects of attitude motion of multi-spin spacecraft and gyrostat-
satellites are investigated with the help of the Melnikov method and Poincaré
sections. Images of dynamical chaos are plotted for some cases of phase
portrait forms corresponded to different values of dynamical parameters.
The bifurcations of the chaotic regimes with the change of phase portrait
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forms are illustrated.
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1. Introduction. The study of spacecraft
(SC) attitude dynamics aspects was and still
remains one of the important problems of
modern classical and space-flight mechanics [1-
45], and especially interesting features can be
found in the framework of the dynamical chaos
initiations into the dynamics of multi-rotor SC.

The constructional multi-rotor scheme is
used for many types of SC, including satellites
with assemblies of reaction wheels and
multi/dual-spin SC. Here, e.g., we can mention
such famous space projects and platforms as
“Intelsat” by Hughes Aircraft Company (the
Intelsat 11 was first launched in 1966, but its 8th
generation Intelsat VI was actual till 1991); also
the very famous Hughes’ dual-spinner is the
experimental tactical communications satellite
TACSAT-I launched in 1969; the ‘“Meteosat”-
project (initiated by European Space Research
Organization with the Meteosat-1 in 1977 and
operated until 2007 with the Meteosat-7) also
was constructed on the base of the dual-spin
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configuration.

The spin-stabilized SC with mechanically
despun antennas was applied in the framework
of GEOTAIL (the collaborative mission of
Japan JAXA/ISAS and NASA, within the
program “International Solar-Terrestrial
Physics™); the construction scheme with the
despun antenna was used for Chinese
communications satellites DFH-2 (STW-3,
1988; STW-4, 1988; STW-55, 1990). The well-
known Galileo mission’s SC (launched on
October 19, 1989 to visit Jupiter) was built as
the dual-spinner (fig.1) [46]. Also, we ought to
indicate the world's most-purchased commercial
communications satellites such as Hughes /
Boeing HS-376 (fg.1) [47, 48]. These satellites
have spun sections with propulsion systems,
solar drums, and despun sections with the
communications payloads and antennas. Very
versatile dual-spin models also are the Hughes’
HS-381 (the Leasat project), HS-389 (the

Figure 1. Examples of dual-spin spacecraft: Galileo and HS-376
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The multi-rotor scheme can also correspond
to the SC with assembles of reaction wheels,

that is quite usual for real space projects. As
first bright examples (fig.2) we can remember
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such programs like the Hubble Space Telescope
(HST) [49], the Kepler Space Telescope (KST)
[50], and many others missions.
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Figure 2. Examples of multi-rotor spacecraft with the reaction wheels assemblies: HST and KST

The fundamental results for the problem of
the rigid body dynamics and for corresponding
applied tasks in the framework of space flight
mechanics are described, e.g. in [1-7] and in
many other works. Also we must indicate the
conjugated directions of research [8-45],
including  analytical/numerical  modeling,
analyzing the regular/chaotic regimes of motion
of multi-body systems under the influence of
external/internal perturbations. These are the
analysis of the attitude dynamics of a dual-spin
SC and gyrostats [8-17], the investigation of the
multi-rotor  systems and multi-spin  SC
dynamics [18-21], obtaining exact solutions
[22-29], the chaotic dynamical aspects study
[30-45].

2. The task formulation and mathematical
models. Let us consider the attitude dynamics
of multi-rotor (multi/dual-spin) SC [19] basing
on the multi-body mechanical system (fig. 3)
with using the hamiltonian formalism and the
well-known Andoyer-Deprit canonical variables
(fig. 4).

The Andoeyr-Deprit variable can be written

basing on the direction and the value of the
system angular momentum vector K as follows:

L=—=K k;
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Figure 3. The multi-rotor mechanical structure of the
multi-spin spacecraft
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Figure 4. The Andoyer-Deprit canonical variables

The kinetic energy of the system has the
following form in the Andoyer-Deprit canonical
coordinates in the addition of angles of rotors’

relative rotation & =(l,¢,,¢,,8,,....5 ), and
corresponding conjugated momentums
Z =(L,G,H,A,,... Ag ) [19]:

H 2
T=(ct-r) 2l
A B

A ®

1 N 2 N i
+E[ [A3j+A4j ) +y >+
= =t =]
where
R N n N n N
A=A-2>11;B=B-2>1; C=C-2>1;
=1 j=1 =1

and values A, B, C — are the main inertia
moments of the main body, I; - the axial inertia
moments of rotors in the j-th layer (we assume
the equivalence of the rotors in each layer).

Let us consider the case of the action of
external torques with the small non-autonomous

potential
P = ug (t)coso; ulll )
where 6 designates the “restoring” angle.

This potential can describe the influence of
external restoring torque from a weak magnetic
field on the equatorial orbits at the regime of
cylindrical precession of SC [29]. Also we will
consider the polyharmonic form of the
amplitude (it is actual practically in any case of
the time-periodical amplitude and corresponds
to the general form of the expansion in a
Fourier series)

N
g(t):Z[ansin(na)pt)HTn cos(na)pt)]; (3)
n=0
in the case when the “restoring” angle
represents the angle between the angular
momentum vector K and longitudinal axis of
the SC Oz (coinciding with the vector k at the
fig.4), and then the expression is actual
cosfd=L/G 4
The Hamiltonian of the system can be written in
the form with general and perturbed parts
H=H,+¢H,;

5
Ho=T; H=c()L
where the small parameters is equal ¢=u/G.

As it follows from the Hamiltonian (5) only one
canonical pare (I, L) is positional, and other
pares are cyclic; so it is enough to use two main
dynamical equations in the form

{szL(I,L)JrggL;

I=f(I,L)+eg,;

f o OHo, (o _OH, (6)
ol oL

g =2t g .

-ooa Tt el

Now we consider the motion regime when only
equatorial rotors have non-zero summarized
angular momentum, then it is possible to write
constant blocks

N
Dy, = [Ay+A,;]=0,
j=1
D34 = i[Agj +A4j:|= const =0, (7)
=1
N
Dys = 2" Agj +Ag; |=0,

J

1
iN
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This regime can describe the SC motion at the
implementation of the attitude reorientation
with acting transverse (equatorial) reaction
wheels assemblies (like in the HST or KST at
the fig.2). And in this case we have the
following right-pars-functions of equations (6):

, ,
fl(LL)zL{i—smﬂ I—CO§ I}+ P34LCOS| ;
c A BVG-L?
fi(hL) :(Gz )(i l)Slnlcosl— (8)
B A
5,4 Fsml g, t) (t); gL(t)EO;

3. The Melnikov function evaluation. In
the purpose of the exact detection of homoclinic
chaos initiation in the system at acting
periodical perturbations we should prove the
existence of simple zero-roots of the Melnikov
function:

9)= T[ fL (1), L) g, (t+9)-
—f, (1), L)) 9, oo,

where the designation {cw.rm)  implies
evaluation of the integral along the homoclinic
orbit.

Taking into account correspondences [19]
between the Andoyer-Deprit variables and
components of the angular velocity of the main
body (p,q,r), the Melnikov function (9) in our

case is reduced to the expression:
M (9)=

- (55 A0 Ba(+Du )¢ o

where the exact analytical expressions for p(t)
and q(t) along the homoclinic orbit are obtained
in [19] — there is not any necessity to repeat
them; but we must show the qualitative form of
this time-dependencies (fig.5). From this
qualitative form the Statement 1 follows:

the time-function p(t) is damped to zero odd
function, q(t) is even function, and, as the
multiplication result, the block

©)
t+9 ]‘

(10)

p(t)(éq(t)+ D34) is the damped to zero odd

time-function.
Also with the help of the polyharmonic shape
(3) and using trigonometric transformations we

can obtain the multiplier ¢ (t+9) in the form

which contains explicit time-blocks and
9-phase-blocks separately:
S(t+9)= (11)

0 t
Figure 5. The qualitative form of time-dependencies for
the angular velocity components along homoclinic orbit

Taking into account the Statement 1 and the
expression (11) (with understanding odd/even-
functions properties), the integration gives the
following polyharmonic result for the Melnikov
function

M (9)= i[an cos(nw,9) b, sin(new,9) | (12)
n=0
with recalculated constant coefficients:

a, A(i—ijan; bnzsA(i—ijti;
B A B A

3= j p(t)(éq (t)+ D34)sin(na)pt)dt=const £0
So, from the polyharmonic shape of the
Melnikov function the Statement 2 follows:

the Melnikov function in the considered case
has infinite quantity of simple zero-roots, and

)>
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then the homoclinic chaos initiation is
inevitable.

This fact must be taken into engineers’ attention
at the space mission preparation and at the
choice of working areas of SC dynamical

parameters.

4. Numerical modeling of chaotic regimes.
For illustrating of the proved fact of the chaos
initiation it is possible to provide a series of
numerical experiments in the Poincaré
sections/maps plotting basing on the “main-
phase-repetition” condition: (.t mod 27)=0.

Let us define e.g. the following set of the
polyharmonic perturbation coefficients:

a =025 a,=125 a =5 (13)

(8 =b,=0Vj;i={135}) and the main

frequency numerical value: @, =0.75.

As can we see from the modeling results, the
chaotic layers are generated near the
homo/heteroclinic bundles. These chaotic layer
are generated as the result of multiple
intersections of stable and unstable splited
manifolds of homo/heteroclinic orbits. Inside
such chaotic layer any phase trajectory perform
complex “chaotic” evolutions with variable
characteristics of the dynamical regime — this is
one of the main reasons of the SC complex
abnormal oscillations, tilting irregular motions,
and space missions malfunctions.

Figure 6. The Poincaré sections® of the dimensionless phase space {I,L/G} for the SC

with the triaxial inertia tensor at the following parameters?:
A=05, B=06, C=0.7; G=10; D, =D, =0, £=0.01;
a): D34=0.9; b): D34=0.5; ¢): D3,=0.1; d): D3,=0.01

L All of the presented in this work Poincaré sections were plotted with the help of the author’s program complex [51].
2 All of the parameters have numerical values corresponding to their own natural dimensions in the SI metric system.
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Figure 8. The Poincaré sections of the dimensionless phase space {I, L/G}

at all non-zero rotors’ angular momentums:
G=3, D,=05 D, =0.6; D =15; £=0.05;

a): A=0.6, B=0.7; C=09;
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Figure 9. Irregular time-dependencies for the chaotic motion parameters
G=3 D,=0; D, =05 Dg=0; £=0.1;

A=B=06, C=04;

Presented above phase portraits (Poincaré
sections) in the dimensionless space {I,L/G}
are very informative and fully describe
dynamics of SC in the sense of quality of
motion regimes; and also any point of these
portraits can explain [28, 29] the main
properties of the current SC attitude in terms of

the nutation angle (6 =arccos(L/G)) and the
intrinsic rotation angle (1).

From the modelling results the important
notations follow.

Firstly, the chaotic motion areas (chaotic
layers) are presented in the phase portrait of the
system (fig.6-8), and, moreover, these areas
divide the phase portrait into separated zones.
At increasing the value of perturbations (the
value of the parameter €) it is possible to see the
effect of the extension of chaotic areas, as well
as the merger of these areas into one big chaotic
layer (at the fig.7 we can see this integration at
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the transition from the frame 7-a to the frame 7-
b, from 7-c to 7-d, and from 7-e to 7-f). But,
here we need to mention that these areas can be
separable from each other (in the dynamical
sense, which means the impermeability of the
area border for the phase trajectory). Also, e.g.,
it is important here to indicate corresponding
irregular ~ time-dependences  of  motion
parameters (fig.9) for the chaotic regime from
the chaotic layer depicted at the figure 7-f.

Secondly, the modelling results demonstrate
the presence of additional chaotic layers close
to the secondary homo/heteroclinic structures
arising in addition to the main separatrix-
regions at the presence of perturbations. These
secondary chaotic homo/heteroclinic bundles
(“secondary chaos”) have properties similar to
the main homo/heteroclinic chaos, and also
must be taken into account at the formation of
SC dynamics.

In the third, bifurcations of types of the
phase portrait take place (from the fragment
fig.6-a to 6-b, 6-c, 6-d successively) at the
changing value of the equatorial rotors’ angular
momentum (D3,4); and we can also indicate the
corresponding change of homo/heteroclinic
bundles with chaotic layers — so, we should
mention that at the transition to small values of
equatorial angular momentum we take as the
result, in fact, the phase portrait of the dual-spin
SC with the longitudinal angular momentum
(fig.6-d).

Also it is worth to note the complexity of the
phase portrait structure (fig.8) of the SC
perturbed motion at the non-zero angular
momentums of rotors in all three main
directions; here we see the strong deformation
of the phase portrait form in comparison with
previous results for equatorial rotors angular
momentums  (fig.6, 7), with arising of
secondary chaotic layers.

5. Conclusion. So, the exact explicit
polyharmonic form of the Melnikov function in
considered case analytically proves the fact of
splitting and multiple intersecting stable and
unstable manifolds of the initial homoclinic
separatrix-trajectory and the fact of local
homoclinic chaos arising. Therefore the SC

dynamics will be liable to the homoclinic
chaotization, that is the main reason of the SC
tilting motion with disrupting the space
mission. This fact must be taken into engineers’
attention at the space mission preparation and at
the choice of working areas of SC dynamical
parameters.
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A.B. lopoumH

Camapckuii rocyapCcTBEHHBIH
A3POKOCMHUYECKUI YHUBEPCUTET
nmenu akagemuka C. I1. Koponésa
(HaIMOHANBHBIN UCCIIEJ0BATEIbCKUI
YHHUBEPCUTET)

443086, Poccus, r. Camapa,
MockoBckoe mocce, 34
doran@inbox.ru

doroshin@ssau.ru

OBbPA3bl XAOCA B JUHAMMKE YIJIOBOI'O
JABUKEHHUSA MHOI'OPOTOPHBIX KOCMMYECKUX
AIIITAPATOB U CITYTHUKOB-T'HPOCTATOB

Hzyuaiomes acnexmul Xaomuueckot OUHAMUKY MHO2OPOMOPHBIX ANNApaAmos
u cnymuuxos-supocmamos. Mccnedosanus npoeoosimesi ¢ HOMOWbIO Memood
Menvuuxoea u ceuenuti Ilyankape. Obpasvi OUHAMUYLECKO20 XA0CA CIPOSINCS
0711 pA3HOOOPA3HLIX (PA308bIX NOPMPEMOS, COOMBEMCMBYIOWUX PAZTUYHBIM
BeUNUHAM OUHAMUYECKUX napamempos. Himocmpupyiomes oudyprayuu
XAOMUUECKUX PENHCUMO8 C USMEHEHUEM CIPYKMYpbl (Pa308b1X NOPMPEMOs.

Knrwouesvie cnosa: mnozopomopHuvle MexanuuecKue cucmemvl, KOCMUYECKUL
annapam ¢ OBOUHbIM  6PAWjEHUEM,  KOCMUYECKUU  annapam  co
MHOJICECTNBEHHbIM — 8PAUjEHUEM,  SUPOCMAam,  20MOKIUHUYECKUll  Xaoc,
noaUcapMoHudecKue 03myueHus, pynxyus Menvrnuxoea, ceuenue Ilyankape.
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